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Abstract 

We introduce a concept: d-complete, and show that a Lie algebra is 
d-complete if and only if its full graph is complete. 
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Let Q be a Lie algebra. We will introduce two concepts: d-derivation and 
d-center. Let Der(Q) be the derivation algebra of Q. 

A d-derivation of G, means a linear operator L from Der(Q) to G such that 


L([D 1 ,D 2 ]) = D 1 (L(D 2 ))-D 2 (L(D 1 )) VD u D 2 £Der(g) (1). 

We write V for the set of d-derivations. 

The d-center of G, means the set 

C d {Q) = {geG: D(g) = 0 VU G Der(G)} (2). 

For any g &G 1 we can define a d-derivation L g of G- 

L g (D) = —D(g) VD G Der(G) (3). 

Such a d-derivation is called inner d-derivation. 

For any two d-derivations Li,L 2 , define [L\,L 2 \ by 

[L u L 2 ](D) = Lgadp^D))) - I 2 (fld(Li(D))) VU G Der{G) (4), 


then [Li,L 2 ] is a d-derivation. And it is easy to check that (D,[,]) is a Lie 
algebra. If C d {G) is trivial, G is a Lie subalgebra of D. 

If Cd(G) is trivial and all d-derivations are inner, G is called d-complete. In 
this case, there is a isomorphic from G to D: 5 n L g . 

We have a homomorphic from Der(G) to the derivation algebra Der(T>) of 
V by setting: 


D(L) = DoL- Lo ad{D) MLeV,D G Der[G) (5). 
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We can now define semidirect product TL = Der(Q) x t V, a Lie algebra, by 

[(D lt h), (D 2 , L 2 )] = ([Di,D 2 ], [Lu Li] + Di(L 2 ) - D 2 (L{)) ( 6 ). 

We can make TL act on C (Q) = Der(Q ) x t V as derivations: 

n {D , L )(Di,g) = ([D,Di],D(g)+L(ad(g)) + L(Di)) (7). 

In fact we have: 

Theorem 1. TL is the derivation algebra Der(C(Q )) of the full graph 

c (g) of g. 

Proof. A direct calculation shows that 

1 - D(£) i l) is a derivation, 

2- [D(_ Di ,l 1 ),D (£ j 2iL2 )] = D [(Dl)£l))(D2)i2)] , 

3- D(£) = 0 if and only if D = 0 and L = 0. 

So TL is a Lie subalgebra of Der(C(Q)). 

Now , we will show that every derivation D of Der(C(Q)) is in TL. We write 
Der(Q) for ( Der(Q ), 0) and Q for (0, Q). Write D = (Ti, T 2 ). First we show that 

Ti\g = o. 

By 

D([(0, 9 i), (D, g 2 )]) = [D(0, 9 i), (. D , g 2 )\ + [(0 , 9l ), D (D, g 2 )\ (8), 

we obtain 

-Ti(D( gi )) +Ti(\gi,g 2 ]) = [Ti(gi),D] (9). 

Formula (9) shows that 

Ti\[Q,g\=0 ( 10 ) 

and that 

-Ti(D(g)) = [Ti(g),D] (11). 

Therefore 

[Ti(g),D] = 0 WD £ ad(Q). 

So Ti(g) = 0 and T^G = 0. 

We have 

T 2 ([Di,D 2 \) = Di(T 2 (D 2 )) - D 2 (T 2 (Di)). 

So T 2 \Der(G) =LgV. 

By setting D = D — D( 0£ ), we may assume that T 2 \Der(Q) = 0. We know 
that Ti\Der(Q) is a derivation of Der(G). 

Since 7 )\G = 0, T 2 \Q is a derivation D' of Q. Now 

D[(A0),(0,s)] = [(D,0),D(0,g)] + \p(D,0),(0,g)] r 

shows that 

T 2 (D{g))=D{T 2 (g)) + (Ti{D)){g), 

that is 

Ti(I>) = [£>',£>]. 

So D = 0 j. We have now showed that D G TL. □ 
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We have a easy lemma: 

Lemma. The center of C(Q) is (0 ,Cd(G)) 

We have the following corollary of theorem 1 and the above lemma: 

Theorem 2. A Lie algebra is d-complete if and only if its full graph 
is complete. 
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